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Problem Linear criterion Result

BCS theory

Source: https://www.experimente.physik.uni-freiburg.de/E Elektrizitaet und Magnetismus/dasmagnetischefeld/
kraefteimmagnetfeld/supraleiteraufmoebiusband
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Problem Linear criterion Result

T > Tc

T < Tc

cool down

[Abrikosov 1964, De Gennes 1964]

[Samoilenka - Babaev 2020]
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Problem Linear criterion Result

BCS model

BCS functional FT ,µ(γ, α):

Superconductivity ⇔ α 6≡ 0 for minimizer (γ, α)

Euler-Lagrange equation: non-linear, one solution with α = 0

Is this solution the minimizer?

compute Hessian:

Two-body operator

HΩ
T =

−∆x −∆y − 2µ

tanh
(
−∆x−µ

2T

)
+ tanh

(
−∆y−µ

2T

) + λV (x − y)

acting in L2
symm(Ω× Ω).
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Problem Linear criterion Result

Properties of HΩ
T

inf σ(HΩ
T ) < 0 ⇒ solution with α = 0 not minimizer ⇒

superconductivity

inf σ(HΩ
T ) > 0 → possibly local minimum → inconclusive

Critical temperature:

0
T

inf σ(HΩ
T )

Tc
0

T

inf σ(HΩ
T )

Tc

T < TΩ
c ⇒ inf σ(HΩ

T ) < 0⇒ superconductivity

translation invariant system: T < TΩ
c ⇔ inf σ(HΩ

T ) < 0⇔
superconductivity [Hainzl-Hamza-Seiringer-Solovej, 2008]
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Problem Linear criterion Result

Result

Compare Ω = R+ with Ω = R for V = −δ.

Theorem [Hainzl-R.-Seiringer 2022]

Let µ > 0 and assume Dirichlet boundary conditions on R+.

• There is a λ̃ > 0 such that for 0 < λ < λ̃

TR+
c (λ) > TR

c (λ).

• In the weak and strong coupling limits

lim
λ→0,∞

TR+
c (λ)− TR

c (λ)

TR
c (λ)

= 0.
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Problem Linear criterion Result

Dependence on coupling [Samoilenka - Babaev 2020]
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Problem Linear criterion Result

Neumann boundary

Theorem [Hainzl-R.-Seiringer 2022]

Let µ > 0 and assume Neumann boundary conditions on R+.

• For all λ > 0
TR+
c (λ) > TR

c (λ).

• In the weak coupling limit

lim
λ→0

TR+
c (λ)− TR

c (λ)

TR
c (λ)

= 0.

• In the strong coupling limit

0 < lim
λ→∞

TR+
c (λ)− TR

c (λ)

TR
c (λ)

<∞.
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Problem Linear criterion Result
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Problem Linear criterion Result

BCS model

BCS functional

F(Γ) = Tr (h−µ)γ+TTr Γ ln Γ+

∫ ∫
Ω×Ω
|α(x , y)|2V (x−y)dxdy

• Γ =

(
γ α
α 1− γ

)
self-adjoint operator on L2(Ω)⊕ L2(Ω)

• 1-particle density matrix: 〈φ|γψ〉 = Tr a†(ψ)a(φ)ρ

• pairing expectation: 〈φ|αψ〉 = Tr a(ψ)a(φ)ρ

Minimize F(Γ) over 0 ≤ Γ ≤ 1.

Superconductivity ⇔ α 6≡ 0 for minimizer
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Problem Linear criterion Result

Proof strategy

V = −δ, Ω = R,R+ Dirichlet b.c. Want: TR+
c (λ) > TR

c (λ)

Birman-Schwinger principle:

HΩ
T = KT − λδ ↔ AΩ

T = δ1/2K−1
T δ1/2

• get rid of boundary conditions

• reduce number of variables

• inf σ(HΩ
T ) < 0⇔ supσ(AΩ

T ) > 1
λ

Construct trial state such that
〈ψ,AR+

T ψ〉
〈ψ,ψ〉

> supσ(AR
T )

→ works in weak coupling limit
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Problem Linear criterion Result

Momentum space representation of AT

For ψ ∈ L2(R)

AR
Tψ(p) =

∫
R
BT ,µ(p, q)ψ(p)dq

and

AR+

T ψ(p) =

∫
R
BT ,µ(p, q)(ψ(p)− ψ(q))dq

where

BT ,µ(p, q) =
1

4π

tanh

(
( p+q

2 )
2−µ

2T

)
+ tanh

(
( p−q

2 )
2−µ

2T

)
(p+q

2

)2
+
(p−q

2

)2 − 2µ
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Problem Linear criterion Result

Maximizer of AR+

T [Samoilenka - Babaev 2020]
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